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Abstract
We show that the description of the space-time of general relativity as a diagonal four
dimensional submanifold immersed in an eight dimensional hypercomplex manifold, in tor-
sionless case, leads to a geometrical origin of the cosmological constant. The cosmological
constant appears naturally in the new field equations and its expression is given as the norm
of a four-vector U , i.e., Λ = 6gµνU
µUν and where U can be determined from the Bianchi
identities. Consequently, the cosmological constant is space-time dependent, a Lorentz in-
variant scalar, and may be positive, negative or null. The resulting energy momentum
tensor of the dark energy depends on the cosmological constant and its first derivative with
respect to the metric. As an application, we obtain the spherical solution for the field
equations. In cosmology, the modified Friedmann equations are proposed and a condition
on Λ for an accelerating universe is deduced. For a particular case of the vector U , we find
a decaying cosmological constant Λ ∝ a(t)−6α.
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1 Introduction
Since the discovery of the accelerating expansion of the universe [1, 2, 3, 4, 5], dark energy is often
invoked to explain this phenomena and has led to renewed interest in the cosmological constant.
The simplest model for dark energy (DE) is the cosmological constant with the equation of
state ωDE = −1. Nowadays, the cosmological constant problem is one of the most fundamental
problems in physics [6, 7, 8, 9, 10]. Indeed, many models with variable cosmological constant
have been proposed, in some cases it depends on space [11, 12, 13], time [14] or both of them
[15]. Other authors have suggested that the cosmological constant can be written as a trace of
an energy-momentum tensor, i.e., a Lorentz invariant scalar [16, 17, 18, 19, 20].
In this paper, we try to tackle the cosmological constant problem from a geometrical point
of view. We will use Crumeyrolle’s results on hypercomplex manifolds where the space-time
is considered as a diagonal four dimensional submanifold immersed in an eight dimensional
hypercomplex manifold [21, 22, 23]. In his work, Crumeyrolle tried to obtain an unified theory as
that of Einstein-Schro¨dinger using a geometric construction in the general case of a nonsymmetric
connection, and the applications of this approach have been performed by Clerc [24, 25, 26]. A
similar approach has been suggested where the tangent bundle of space-time is endowed with
a hypercomplex algebraic structure [27, 28, 29]. Historically, Einstein was the first who used a
complex metric in order to unify gravity and electromagnetism [30, 31]. Moffat has also used a
nonsymmetric complex metric as an attempt to a new theory of gravity [32]. In the last decades,
we note that complex and hypercomplex coordinates have been used in both field theory [33, 34],
and general relativity [35, 36, 37, 38, 39, 40]. In the literature, the hypercomplex numbers are
also called complex hyperbolic numbers, pseudo-complex numbers, double numbers, paracomplex
numbers or split numbers [33, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50]
On the other hand, it is important to note that there are also other geometric approaches
especially those accounting for the acceleration of the universe by modifying the Einstein-Hilbert
action [51], and a truly geometric approach to modified gravity without affecting the early uni-
verse [52, 53]. We note that there is a clear physical principle, discovered from an investigation
of the dynamical symmetries of Born-Infeld electrodynamics, motivating the consideration of an
eight-dimensional pseudo-complex spacetime and which is related to the maximal acceleration
[54, 55].
In this work, we apply the results of Crumeyrolle to the torsionless case in order to describe
the theory of general relativity. The Ricci scalar in the space-time submanifold is given by
P = R+Λ where R is the Ricci scalar of the Levi-Civita connection and Λ is a scalar function of
a four-vector U , and therefore has a geometrical origin due to the immersion of the space-time
submanifold in an eight dimensional manifold. It appears as a correction of the Ricci scalar
curvature R used in the general relativity [24, 25]. Using a variational principle, the modified
Einstein’s equations are obtained where Λ is identified to be the cosmological constant. From the
Bianchi identities, a particular form of the four vector U can be given, this leads to a decaying
cosmological constant Λ ∝ a(t)−6α which gives a correction to the time evolutions of the matter
and radiation as can be seen from the conservation law.
The main result of this paper is that the cosmological constant appears naturally in the
modified Einstein’s equations as a norm of a four-vector U , Λ = 6gµνU
µUν . Consequently the
cosmological constant is space-time dependent, Lorentz invariant, and may be positive, negative
or null, depending on the nature of the four-vector U . The resulting energy momentum tensor of
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the dark energy depends on the cosmological constant and its first derivative with respect to the
metric gµν . From the modified Friedmann equations, we deduce a condition on the cosmological
constant for an accelerating universe.
This paper is organized as follows: In section II, we recall briefly Crumeyrolle’s work on which
our paper is based. In section III, we derive the modified Einstein’s equations using a variational
principle. Then, we derive the spherical solution in section IV and discuss its limit. In section
V, the modified Friedmann equations are deduced and the results are discussed. We apply our
result in section VI for a special form of the four vector U and deduce a decaying cosmological
constant. Finally, the conclusion is given in section VII.
2 Space-time as a diagonal submanifold
In Crumeyrolle’s work [21, 22, 23], the space-time V4 is considered as a diagonal submanifold of
a C∞ eight dimensional manifold V8 which is the product of two identical four dimensional real
manifolds W4
V8 = W4 ×W4. (1)
The notation adopted in this work is : in V8 we use Latin indices (i, j, .. = 1, ...8) and the
operation ∗ on Latin indices is defined such that i∗ = i ± 4, and in V4 we use Greek indices
(α, β, .. = 1, ...4) and (α∗, β∗ = 1∗, ..., 4∗). The construction (1) confers to V8 a hypercomplex
structure. Indeed, if we use the hypercomplex coordinatesXα = xα+Ixα
∗
where I2 = 1,
(
xα, xα
∗
)
are real coordinates from W4 ×W4, the diagonal submanifold V4 is equivalent to [21, 22, 23]
xα
∗
= 0. (2)
The real coordinates
(
xα, xα
∗
)
are called the associated diagonal coordinates.
Suppose that the manifold V8 is endowed with a symmetric non degenerate metric tensor Gij ,
then V8 is seen to have a structure of a pseudo-riemannian manifold. According to Gij , the metric
tensor g
αβ
, in V4 is defined by setting in the natural diagonal frames of V4 (intrinsic conditions)
[21, 22, 23]
Ĝ
αβ
= Ĝ
α∗β∗
= 0, Ĝ
αβ∗
= Ĝ
β∗α
= g
αβ
, (3)
wherêmeans the restriction in V4 .
A generalization of the Ricci theorem is to postulate that for every path of V4 , the covariant
derivative of the tensor G
ij
vanishes
∇ρGij = 0, (4)
using conditions (3), the above relations (4) will be written in V4 as
∇ρĜαβ = ∇ρĜαβ∗ = ∇ρĜα∗β∗ = 0. (5)
Consider the connections in the natural diagonal frame bundle of V8 such that [21, 22, 23, 25]
Γijk = Γ
i∗
j∗k , Γ
i
jk = Γ
i
j∗k∗ . (6)
By restriction in V4 , we obtain
Γαβγ = Γ
α∗
β∗γ = Γ
α∗
βγ∗ = Γ
α
β∗γ∗ , Γ
α∗
βγ = Γ
α
β∗γ = Γ
α
βγ∗ = Γ
α∗
β∗γ∗ , (7)
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we can show that the coefficients Γijk with even number of asterisks transform as connections,
while the others (with odd number of asterisks) transform as tensors in all natural diagonal frame
of V4 [56].
Then according to Eqs.(7), one can define in V4 a connection Lαγβ and a tensor Λαβγ by the
relations [25]
Γαβγ = Γ
α∗
β∗γ = Γ
α∗
βγ∗ = Γ
α
β∗γ∗ = Lαγβ, Γα
∗
βγ = Γ
α
β∗γ = Γ
α
βγ∗ = Γ
α∗
β∗γ∗ = Λ
α
βγ . (8)
The connection Lαβγ is generally nonsymmetric.
Using the relations (3) and the properties (8), the conditions (5) give
∂ρgαβ −Lγραgγβ − Lγρβgαγ = 0, (9)
Λγαλ gγβ + Λ
γ
βλ gγα = 0, (10)
Λγαλ gβγ + Λ
γ
βλ gαγ = 0. (11)
The solution of equation (9) is the general nonsymmetric connection [25]
Lαβγ =
{
α
βγ
}
+ gαρ
(
g
βτ
Sτ
ργ
+ g
γτ
Sτ
ρβ
)
+ Sα
βγ
, (12)
where
{
α
βγ
}
= 1
2
gαρ (∂βgργ + ∂γgβρ − ∂ρgγβ) is the usual Christoffel symbol and Sσγβ is the torsion
tensor.
The solution of equations (10) and (11) is the antisymmetric tensor Λσ
βα
in α, β
Λσ
βα
= gσγǫγβαρU
ρ, (13)
where ǫγβαρ is the antisymmetric Levi-Civita tensor, and U
ρ is an arbitrary 4-vector in V4.
By the immersion of the submanifold V4 in the manifold V8 , the curvature form induced in
V4 is [25]
Ω̂ij =
1
2
R̂ijλµ dx
λ ∧ dxµ, (14)
wherê means the restriction in V4 (remember that xµ∗ = 0 in V4 ).
Then the induced curvature tensor in V4 becomes
R̂ijλµ = ∂λ Γ
i
jµ − ∂µ Γijλ + ΓiρλΓρjµ + Γρ
∗
jµ Γ
i
ρ∗λ − ΓiρµΓρjλ − Γiρ∗µΓρ
∗
jλ , (15)
by contraction and using Eqs.(8), one can obtain two independent Ricci tensors in V4 [25]
Pαβ = R̂λβλα = ∂λLλαβ − ∂αLλλβ + LλλρLραβ − LλαρLρλβ + ΛλρλΛρβα − ΛλραΛρβλ, (16)
Qαβ = R̂λα∗λβ = ∂λΛ
λ
αβ − ∂βΛλαλ + LλλρΛραβ − LλβρΛραλ + ΛλρλLρβα − ΛλρβLρλα . (17)
The two other Ricci tensors P βα and Qβα can be obtained from Pαβ and Qαβ using Einstein’s
principle of pseudo-hermiticity [25], i.e., by changing Lαβγ, Λαβγ, gαβ by Lαγβ, Λαγβ, gβα in Pαβ and
Qαβ respectively
P βα = ∂λLλαβ − ∂βLλαλ + LλρλLραβ − LλρβLραλ + ΛλλρΛρβα − ΛλβρΛρλα, (18)
Qβα = ∂λ Λ
λ
αβ − ∂α Λλλβ + LλρλΛραβ −LλραΛρλβ + ΛλλρLρβα − ΛλαρLρβλ. (19)
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Using the antisymmetric property of Λλαβ, two scalar curvature are obtained from Pαβ and
P βα
P = gαβPαβ = R + Λ + 2∇αSα, (20)
P = gαβP βα = R + Λ, (21)
where R is the Ricci scalar obtained by contracting the Ricci tensor
Rαβ = ∂λLλαβ − ∂βLλαλ + LραβLλρλ −LλρβLραλ,
and Sα = S
λ
αλ is the torsion vector. The scalar Λ is defined by [25]
Λ = gαβΛσαλΛ
λ
βσ. (22)
In the case Sα = 0, the scalar Λ = P − R appears as a correction of the curvature, and
represents the contribution of a new tensor field Λ̺βλ which results from the immersion of the
manifold V4 in V8 [25].
One can also obtain two other scalar curvatures from Qαβ and Qβα
Q = gαβQ
αβ
= gαβ
(
Λ̺βλS
λ
̺α + Λ
̺
αλS
λ
̺β
)
, (23)
Q = gαβQβα = Q. (24)
The general field equations can be obtained from the general action [25]
S =
∫ √−g(P + P
2
+ θ
Q+Q
2
)
d4x, (25)
where g = det gµν and θ is a function of coordinates of V4.
These results have been obtained for the general case of a nonsymmetric connection by
Crumeyrolle and Clerc. In our work, we will consider the simple case of vanishing torsion in V4,
and write the field equations and discuss the consequences.
3 Modified Einstein’s equations
Following the same steps as Crumeyrolle, where the four dimensional space-time of general
relativity is considered as a diagonal manifold V4 with vanishing torsion, all S
λ
ρα = 0, immersed
in an eight dimensional hypercomplex manifold V8. This implies that the connection (12) is
reduced to the symmetric Levi-Civita connection
Lαβγ =
{
α
βγ
}
=
1
2
gαρ (∂βgργ + ∂γgβρ − ∂ρgγβ) , (26)
and then the scalar curvatures defined in the last section are reduced to
P = P = R + Λ, Q = Q = 0, (27)
where R is the scalar curvature of the symmetric connection (26).
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From Eqs. (13) and (22), the scalar Λ can be written in the form
Λ = 6gµνUµUν = 6U
2. (28)
In this case the new Einstein-Hilbert action is obtained from the action (25)
S =
∫ √−gPd4x = ∫ √−g(R + Λ)d4x. (29)
In the absence of ordinary matter, the field equations are obtained using a variational principle
(it is important to remember that Λ depends on gµν)
δS =
∫ √−gd 4x [Rµν − 1
2
gµνR −
1
2
Λgµν +
∂Λ
∂gµν
]
δgµν = 0. (30)
Let us put Kµν =
∂Λ
∂gµν
, then we obtain the modified Einstein’s equations
Rµν − 1
2
gµνR− 1
2
Λgµν +Kµν = 0. (31)
These equations are the field equations in vacuum because we haven’t introduced any matter
term in the action. In this case, the two last terms in Eq.(31) can be considered as a source for
dark energy and the scalar Λ is identified to be the cosmological constant, and its expression is
given by (28).
Then, we deduce that the cosmological constant Λ is space-time dependent, a Lorentz invari-
ant scalar and its sign depends on the nature of the arbitrary four-vector U ; i.e., For a time like
vector Λ > 0, and for a space-like vector Λ < 0 and for a light-like vector Λ = 0.
It is important to note that the cosmological constant Λ has a geometrical origin due to the
immersion of the space-time submanifold V4 in an eight dimensional manifold. It is defined as
a trace of the tensor ΛσαλΛ
λ
βσ, and the tensor Λ
σ
αλ verifies the two equations (10) and (11). In
conclusion, the geometrical nature of the vector U allows to determine the sign of the cosmological
constant.
From equations (31), a new energy-momentum tensor for dark energy can be defined by
T DEµν =
1
8πG
(
−1
2
Λgµν −Kµν
)
, (32)
this tensor contains two terms while in the Einstein cosmological model it contains only the term
(− Λ
8πG
gµν). In order to determine the terms Λ and Kµν we have to know the expression of the
arbitrary 4-vector U.
The general Bianchi identities in V8 are written as [21, 22, 23, 24, 25](
∂νR
i
jkl −RinklΓnjm +RnjklΓinm
)
dxk ∧ dxl ∧ dxm = 0. (33)
By restriction in the diagonal submanifold V4 (x
µ∗ = 0), and contraction one can obtain [25]
∇ν
(
Rµν − 1
2
gµνR
)
= ∇ν
(
2UνUµ + gµνU
2
)
+ Uσ (∇σUµ −∇µUσ) . (34)
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The appearance of the terms in right hand side of the last equation is due to the immersion,
these terms have to vanish in the case of a Levi-Civita connection, then
∇ν (2UνUµ + gµνU2)+ Uσ (∇σUµ −∇µUσ) = 0, (35)
which can be simplified to
∇α
(
U2Uα
)
= 0. (36)
In section six, we determine the four vector U as a solution to this equation and deduce the
expression of the cosmological constant.
4 Spherical solution
The static spherically symmetric space-time metric is given by
ds2 = −e2µ(r)dt2 + e2ν(r)dr2 + r2(dθ2 + sin2 θdφ2), (37)
where µ, ν are functions of r.
Using the field equations in vacuum (31) , the general solution for the metric (37) is given by
ds2 = − exp
{∫ [ Λ
2
r2 − r2K
rr
− a1 − a2
r (1 + a1 + a2)
]
dr
}
dt2 +
1
1 + a1 + a2
dr2+ r2(dθ2+ sin2 θdφ2), (38)
where
a1 =
1
2r
∫
Λr2dr, a2 =
1
r
∫
r2K
00
dr. (39)
In the particular case where Λ is constant, i.e. δΛ = 0 and K
µν
= 0, the above coefficients
are reduced to a1 =
Λ
6
r2 and a2 = 0 and the metric (38) is reduced to the de Sitter or anti-de
Sitter metric
ds2 = −
(
1 +
Λ
6
r2
)
dt2 +
1
1 + Λ
6
r2
dr2 + r2(dθ2 + sin2 θdφ2), (40)
we note that for a time like vector U , i.e. Λ > 0, the metric (40) corresponds to an anti-de Sitter
space. For a space like vector U , i.e. Λ < 0, the metric (40) corresponds to a de Sitter space.
While for a light-like vector U , i.e. Λ = 0, corresponds to a flat space.
5 Modified Friedmann equations
Let us introduce the flat Friedmann-Robertson-Walker metric
ds2 = −dt2 + a2(t) [dr2 + r2dθ2 + r2 sin2 θdφ2] , (41)
where a(t) is the scale factor. Using the field equations (31) , we obtain the Friedmann equa-
tions (
·
a
a
)2
=
Λ
6
− K
0
0
3
, (42)
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(
··
a
a
)
=
Λ
6
+
K00
6
+
Krr
2
,(
··
a
a
)
=
Λ
6
+
K00
6
+
Kθθ
2
,(
··
a
a
)
=
Λ
6
+
K00
6
+
K
φ
φ
2
. (43)
The last three equations give
Krr = K
θ
θ = K
φ
φ , (44)
then, we obtain the spacial equation(
··
a
a
)
=
Λ
6
+
K00
6
+
Krr
2
. (45)
From Eq. (42), we obtain the condition
Λ
6
− K
0
0
3
> 0, (46)
which gives a positive energy density for the dark energy
ρ =
1
8πG
(
1
2
Λ−K00
)
> 0. (47)
We also define the pressure of the dark energy by
p
DE
=
1
8πG
(
−1
2
Λ−Krr
)
. (48)
Integrating equation (42), we obtain
a (t) = a (t0) exp
[∫ √
Λ
6
− K
0
0
3
dt
]
. (49)
This is like the case of the de Sitter space: it describes an empty exponentially expanding space.
The differences from the de Sitter case are the presence of the termK00 and here Λ is not constant.
Using Eqs.(42) and (45) we obtain the expression of the deceleration parameter q
q = −
··
aa
·
a
2 =
[
Λ
6
+
K0
0
6
+ K
r
r
2
Λ
6
− K00
3
]
, (50)
and for the equation of state ω =
p
DE
ρ
DE
, we have
ω = −
1
2
Λ+Krr
1
2
Λ−K00
, (51)
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for the particular case K00 = −Krr , we obtain the well known result ω = −1.
We remark that the deceleration parameter q vanishes for
Λ = − (K00 + 3Krr) , (52)
which gives
ω = −1
3
. (53)
For an accelerated universe (q < 0), we must have the condition
Λ > − (K00 + 3Krr) , (54)
which gives with Eq.(46), the well known condition ω < −1
3
.
From the conditions (46) and (54) we obtain
− 1
2
Λ−Krr < 0, (55)
which implies that the pressure of the dark energy is negative
p
DE
=
1
8πG
(
−1
2
Λ−Krr
)
< 0. (56)
At the end, we note that for a decelerating phase (q > 0), we have
Λ < − (K00 + 3Krr) , (57)
which gives with Eq.(46), the condition ω > −1
3
. As we saw, what we have given until now is
a general frame work, and one has to give an expression for the four vector U, which can be
obtained from the condition (36) .
6 Cosmological constant as a function of the scale factor
As an application, we propose a solution to the equation (36) in the form [22, 25]
Uµ ∝
√
(−g)−αuµ, (58)
where α is a constant, uµ is a unit vector which verifies g
µνuµuν = 1, and g = det gµν .
From this solution we obtain the cosmological constant
Λ = 6gµνUµUν ∝ 6 (−g)−α .
Using the flat Friedmann-Robertson-Walker (FRW) metric in cartesian coordinates
ds2 = −dt2 + a2(t) [dx2 + dy2 + dz2] , (59)
i.e, gµν = diag [−1, a2, a2, a2] , which gives for the determinant
(−g) = a6(t), (60)
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and finally the cosmological constant becomes time dependent or scale factor dependent
Λ ∝ 6a−6α(t). (61)
This is a general expression of the time dependent cosmological constant.
This scale factor dependent cosmological constant may give theoretically an explanation of
why it has decayed from a large value in the early universe to have small one today. Particle and
cosmology theories suggest that as the universe expanded and cooled different phases took place
(symmetry breaking) and the energy density associated to the cosmological constant decreased
from an initially large value which is supported by the inflationary scenario [6, 57] and attained a
small value today. Although we did not give numerical values, the evolving cosmological constant
(61) is interesting, the energy associated to it is decreasing with an increasing scale factor (the
expanding). For physical reasons which motivate a decaying cosmological constant, we refer the
reader to Refs. [58, 59, 60, 61, 62, 63], our approach here in deriving this formula is different
from those references, in fact we gave a pure geometric origin of the cosmological constant.
Using the expressions Uµ =
√
(−g)−αuµ and Λ = 6gµνUµUν = 6(−g)−α we obtain the tensor
Kµν =
∂Λ
∂gµν
= 6UµUν + 6g
αβ ∂Uα
∂gµν
Uβ + 6g
αβUα
∂Uβ
∂gµν
= Λ (uµuν + αgµν) ,
and the energy momentum tensor (32) becomes
T DEµν = −6a−6α(t)
[(
α +
1
2
)
gµν + uµuν
]
, (62)
with 8πG = 1. This gives the density and the pressure
ρDE = −T 0DE0 = 3 (2α− 1) a−6α, pDE = T iDEi = −3 (2α + 1) a−6α. (63)
We note here that the energy density is positive only for α > 1
2
, and this is a condition for the
value of α.
In this model, the two Friedmann equations in the case of dark energy dominated universe
become (
·
a
a
)2
= a−6α (2α− 1) and
(
··
a
a
)
= 2a−6α (α+ 1) , (64)
as we see, we have an accelerating phase, since α + 1 > 0 when α > 1
2
. This also can be seen
from the deccelerating parameter
q = −
··
aa
·
a
2 = −
2 (α + 1)
(2α− 1) < 0 for all α >
1
2
.
We can integrate the first Friedmann equation in (64) and obtain
a (t) = (3α)
1
3α (2α− 1) 16α t 13α , (65)
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where we have put a (t = 0) = 0. When substituted in the energy density (63) it gives
ρDE =
1
3α2
t−2, (66)
i.e, ρDE decays with time as
ρDE ∝ t−2. (67)
This time behavior of the dark energy density [64] is the same as the evolution of ordinary matter
in the case of matter dominated era ρ ∝ a−3 = t−2 (because in that era, a (t) = t 23 ). We think
this is interesting, it may give an explanation of the coincidence problem, i.e ” why the energy
density in matter is close to the vacuum energy today? ”.
From equation (65), we obtain the Hubble parameter
H =
·
a
a
=
1
3α
t−1,
this gives the age of the universe (when H is given)
t =
1
3αH
∼ 2
3H
for α >
1
2
, (68)
the value 2
3H
is the age of the universe obtained in the case of ordinary matter era and is
numerically 2
3h
.1010 years, with 0, 5 ≤ h ≤ 1.
Now let us study the behavior of the ordinary matter and radiation. In this case the energy
momentum tensor of the matter (radiation) will appear in the Einstein’s field equations as a
perfect fluid T m,rµν = (ρ + p)uµuν + pgµν , and due to dark energy the Friedmann equations
become(
·
a
a
)2
=
8πG
3
ρ+ a−6α (2α− 1) and
(
··
a
a
)
= −4πG
3
(ρ+ 3p) + 2a−6α (α + 1) , (69)
here ρ and p may be the density and pressure of matter or radiation or both of them, and the
appearance of the second terms in both equations is due to ρDE and pDE .
The conservation law ∇µT µν = 0, where Tµν = T m,rµν + T DEµν , becomes
·
ρ+ 3
·
a
a
(ρ+ p) = 18 (3− 2α)
·
a
a6α+1
. (70)
This is the new conservation law with the new term in the right hand side as a consequence of
the time dependence of the density and pressure of dark energy described in this model. For
matter (p = 0) or for radiation
(
p = 1
3
ρ
)
, equation (70) becomes respectively
·
ρ
m
+ 3
·
a
a
ρm = 18 (3− 2α)
·
a
a6α+1
and
·
ρ
r
+ 4
·
a
a
ρr = 18 (3− 2α)
·
a
a6α+1
. (71)
The solutions of these equations give a correction to the behavior of the energy density of matter
and radiation
ρm ∼ A1a−3(t) + A2a−6α(t) and ρr ∼ B1a−4(t) +B2a−6α(t), (72)
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where A1, A2, B1 and B2 are constants.
We note here that the solutions (72) are different from the standard ones, ρm ∼ a−3 and
ρr ∼ a−4, by the presence of the additional term a−6α(t) due the time dependence of the dark
energy. These solutions combined with Friedmann equations (69) will give the time evolution of
the scale factor a(t).
7 Conclusion
In this paper, we have used Crumeyrolle’s results on hypercomplex manifold where the four
dimensional space-time of general relativity is considered as a submanifold immersed in an eight
dimensional hypercomplex manifold. In the case of symmetric connection, we have seen that
the cosmological constant Λ appears naturally in Einstein’s equations and its expression is given
as a norm of a four-vector U . Then, the cosmological constant can be positive, negative or
null. A new energy momentum tensor of the dark energy is obtained which depends on the
cosmological constant and its first derivatives with respect to the metric. In the first application,
the spherical solution of the Einstein’s equations is obtained. In the second, we have obtained
the modified Friedmann equation in the standard flat Friedmann-Robertson-Walker metric, and
found that the equation of state depends on Λ and its first derivative with respect to the metric
ω = ω(Λ, ∂Λ
∂gµν
). At the end, a condition on Λ was deduced for an accelerating universe which is
equivalent to the well known condition ω < −1
3
. For a particular case of the four vector U , we
deduced a decaying cosmological constant Λ ∝ a(t)−6α, which in turn modifies the behaviors of
ordinary matter and radiation.
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